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Abstract. Let g be a metric on S 3 with positive Yamabe constant. When 
blowing up g at two points, a scalar flat manifold with two asymptotically 
flat ends is produced and this manifold will have compact minimal surfaces. 
We introduce the ©-invariant for g which is an isoperimetric constant for the 
cylindrical domain inside the outermost minimal surface of the blown-up met- 
ric. Further we find relations between © and the Yamabe constant and the 
existence of horizons in the blown-up metric on R 3 . 
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1. Introduction 

Let (N, h) be a 3-manifold with an asymptotically flat end. An outermost mini- 
mal surface is a compact minimal surface which encloses all other compact minimal 
surfaces. As long as N is not diffeomorphic to M 3 , a result due to Meeks, Simon, 
and Yau [9] guarantees the existence of a compact minimal surface. Using the 
asymptotic flatness one then finds an outermost minimal surface. 

Let (M, g) be a compact Riemannian 3-manifold with positive Yamabe constant 
and fix p <E M. We denote by G p the Green's function at p for the Yamabe 
operator. The manifold (M \ {p},Gpg) is asymptotically flat and scalar flat. If 
M is not diffeomorphic to S 3 then M 3 \ {p} is not diffeomorphic to M 3 and hence 
the result mentioned above gives the existence of an outermost minimal surface 
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in (M \ {p},G p g). If M = S 3 the existence of an outermost minimal surface in 
(S 3 \ {p}, G p g) depends on g. For instance, if g is the standard round metric of S 3 
then the corresponding asymptotically flat metric is R 3 equipped with its standard 
Euclidean metric and hence does not possess any compact minimal surface. On 
the other hand, if g is close enough to a scalar flat metric, then the corresponding 
asymptotically flat metric will have an (outermost) minimal surface, see [3], [13) . 
and Section [5] To characterize the metrics g on S 3 for which (M \ {p}, G p g) have 
a minimal surface is an open problem. 

One the contrary, if g est a metric on S 3 blown-up at two points, then it always 
contains an horizon. In other words, if g is a metric on S 3 , and if p, q £ S 3 are 
distinct points of S 3 then (S 3 \ {p, q}, (G p + G q ) 4 g) is asymptotically flat and scalar 
flat but possesses an outermost minimal surface since S 3 \ {p, q} is not diffcomorphic 
to R 3 . The existence of this outermost minimal surface allows us to apply powerful 
tools such as the weak inverse mean curvature flow developed by Huisken and 
Ilmanen [7J. 

In this paper, we define the invariant O by 

e*(?) •= -PL 

°pW ' |S|3/2 ' 

where S is the only outermost minimal surface in (S 3 \{p, q}, (G p +G q ) 4 g) bounding 
a cylindrical domain diffeomorphic to S 2 x (a, b) for some a, b € R, a < b. Here 
the volume of f2 and the area of S are computed in the metric (G p + G q ) 4 g. We 
show that has several interesting properties, in particular it is related to the 
Yamabe constant of g. 

Beside these interesting properties, the motivation for studying such an isoperi- 
metric quotient comes from the following observation : the metric (G p + G q ) A g 
tends to 16G p g in all C k on all compact sets K C S 3 \ {p} when q tends to p. It 
then seems natural to study such metrics blown up in two points to get information 
on the metrics blown up in one point. We expect to get results of this kind by 
studying the behavior of @ p (q) as q tends to p. 

2. Preliminaries 

In this section we recall some well-known facts about asymptotically flat 3- 
manifolds, the inverse mean curvature flow, and the Yamabe operator. We begin 
by establishing some notational conventions. 

The standard euclidean metric on R 3 is denoted by £ and the round metric on 
S 3 of constant sectional curvature 1 is denoted by a. For a Riemannian manifold 
(M, g) with a point p £ M we denote by B^(8) the open ball of all points of distance 
less than S to p. The gradient of a function u is denoted by V 9 u or V«, since it 
usually only appears in norm | Vu| 9 there is no risk of confusion when omitting the 
Riemannian metric from the notation. For an open subset Q in the Riemannian 
3- manifold (M, g) we denote the volume by \Vt\ g and for a surface E in M we denote 
the area by |E| S . 

2.1. Asymptotically flat 3-manifolds. 

Definition 2.1. Let (M,g) be a Riemannian 3-manifold. 

• An asymptotically flat end of (M, g) is an open set E of M diffcomorphic 
to the complement of a compact set in M 3 . In the coordinates given by 
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this diffeomorphism the metric g is required to satisfy 



\9ij ~ Su\ < j-7 , \dk9a \<T~H> Ric s > t-h9, 



for large \x\. 

• The Riemannian manifold (M, g) is said to be asymptotically flat if (M, g) 
with a compact set removed is a union of asymptotically flat ends. 

The simplest example of an asymptotically flat manifold is (M 3 , £) which has one 
end. Another example which plays a central role in many problems is the spatial 
Schwarzschild manifold defined by 



This is an asymptotically flat manifold with two ends. Note that it possesses an 
involutive isometry fixing the sphere of radius to/2 (with respect to £) centered at 
the origin. In the Schwarzschild metric this sphere has area 167tto 2 . 

Let E be an asymptotically flat end of (M,g). Then, Arnowitt, Deser, and 
Misner [I] introduced the ADM mass given by 



where S r is the sphere centered at the origin and of radius r in R 3 and where da^ 
is the area element induced by £ on S r . This quantity does not depend on the 
coordinates and is finite when 



Je 

See for instance Bartnik [5] for further discussion. A fundamental result concerning 
the mass is the Positive Mass Theorem. 

Theorem 2.2. Let (M,g) be an asymptotically flat 3-manifold whose scalar cur- 
vature is non-negative and satisfies Then 



for each end E with equality if and only if (M,g) is isometric to (IR 3 ,£). 

This theorem was first proved by Schoen and Yau [llj , notable among the other 
proofs available is the one of Witten [12j which uses spin geometry. 

A compact minimal surface in an asymptotically manifold is called an horizon. A 
minimal surface is called outermost [J if it is not contained entirely inside another 
minimal surface. 

2.2. Inverse mean curvature flow. In their proof of the Penrose inequality [7], 
Huiskcn and Ilmanen introduced the " weak inverse mean curvature flow" . The 
standard inverse mean curvature flow may develop singularities and is therefore 
difficult to use. On the contrary, the weak inverse mean curvature flow gives a 
flow for "almost all t" and provides a powerful technique in many situations. As 
an example, Bray and Neves [5] used this tool to show that the Yamabe constant 
of MP 3 is attained by the constant curvature metric. In Section [4] we will use the 
method of Bray and Neves to prove Theorem l4.ll We recall some basic facts about 




(1) 





(2) 



m 9 {E) > 
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the weak inverse mean curvature flow. First, if E is a C 1 surface of a Riemannian 
3-manifold (N, h), we say that H 6 L ; 1 oc (S) is the weak mean curvature of E if 



/ div h {X)da h = [ Hh{X,is)da h 
Js is 



for all compactly supported vector fields X, where v is the outer normal vector field 
on E. This definition coincides with the usual one as soon as E is smooth. 

Definition 2.3. Let E be a compact C 1 hypersurface E with weak mean curvature 
H in i 2 (E). The Hawking mass of E is defined by 



Here |E|^ is the area of E computed using the metric h. 

We collect the main properties of the inverse mean curvature flow as in [21 The- 
orem 5.2]. 

Theorem 2.4. [7] Let (N, h) be an asymptotically flat 3-manifold with non-negative 
scalar curvature. We assume that N is diffeomorphic to K 3 \ B where B is the 
unit ball in M 3 and that dN — S 2 is an outermost horizon. Then, there exists a 
precompact locally Lipschitz function $ satisfying 

• for all t > 0, Ef := <9{$ < t} defines an increasing family of ' C > a surfaces 
such that Eq = E; 

• for almost all t>0, the weak mean curvature of E t is |V$|ft/ 

• for almost all t > 0, |V$|^ ^ on E f for almost all x € E t (with respect 
to the surface measure) and 

|£t|h = |£oUe* 

for all f > 0; 

• The Hawking mass m//(E t ) is a non- decreasing function oft > provided 
the Euler characteristic x(£*) ^ 2 for all t > 0. 

2.3. The Yamabe operator and the Green's function. Let g be a Riemannian 
metric on the 3-sphere S 3 . We set 

L 9 := 8A s + ScaP. 

This self-adjoint elliptic operator is called the Yamabe operator and is conformally 
invariant in the following sense. If h = u A g where u is a smooth positive function 
is a metric conformal to g then the Yamabe operators of g and h are related by 

L h f = u- 5 L°(uf) 

and the scalar curvature of h is given by 

Seal' 1 = u- r °L 9 u. (3) 

The Yamabe constant of the metric g is defined by 

L 3 uLs u dvs L 3 (81 Vu|2 + Scal 9 u 2 ) dv 9 

The number /x(<?) is conformally invariant and it is known that n{g) > (resp. 
fx{g) = 0, resp. [i(g) < 0) if and only if there exists a metric in the conformal class 
of g with positive (resp. identically zero, resp. negative) scalar curvature. 
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G P = j„/„ \ + a P ( 5 ) 



Assume from now on that the metric g has a positive Yamabe constant. Then 
L 9 is invcrtible and if p G S 3 is a fixed point, this allows to construct the unique 
Green's function G p for L 9 at p, see [HI Lemma 6.1]. We recall that G p is smooth 
on S 3 \ {p}, satisfies 

L 9 G P = 6 P (4) 
in the sense of distributions, and has the expansion 

1 

at p, where a p is a smooth function defined in a neighborhood of p. Set S p ■= S 3 \{p} 
and g p := G*g. Then the Riemannian manifold (S p ,g p ) is asymptotically flat with 
one end E p = S p , by ((3]) and f4| it is scalar flat, and one can deduce from ((^J that 
its mass is given by [HI Lemma 9.7] 

m 9 »(E p ) = a p (p). 

As an example, if g is the round metric on S 3 , one easily checks that {S p ,g p ) is 
isometric to R 3 equipped with its standard Euclidean metric. 

A question which we will interest us here is the existence of horizons for the 
metric g p , that is of compact minimal surfaces in the Riemannian manifold (S pi g p ). 
First note that the same construction on any 3-manifold not diffeomorphic to S 3 
always gives rise to a horizon. Note also that, as an application of the techniques 
from [5] , Miao finds that a necessary condition for the existence of a horizon is that 
/■<(<?) < A t ( f7 )/2 2 ^ 3 where a is the round metric on S 3 , see [10] , 

Now, let us define g PA := (G p + G q ) 4 g and S p _ q := S 3 \ {p, q} for p,g€ S 3 . Then 
{S P<q , g P ,q) is also asymptotically flat and scalar flat but has two ends E p and E q , 
whereas (S p ,g p ) has only one end. As an example, if g — a is the round metric 
on S 3 and if q = —p, then (S Ptq , g P , q ) is isometric to the Schwarzschild manifold 
(R 3 \{0},(l + |a;|- 1 ) 4 e). Since' 

G p + G q = dg ^^ +a p + G q 



near p and since 



G p + Gq - — - +a q + G p 



near q, one checks that the masses m 9p < q (E p ) and m 9pq (E q ) of the manifold {S p , q , g p , q ) 
at the ends E p and E q are given by Lemma 9.7] 

m B ^{E p ) = a p (jp) + G q {jp) and m 3 ™(E q ) = a q (q) + G p (q). (6) 

Another important difference compared to the case of one blow-up point is that 
{Sp t q, g Pt q) has always an horizon. We deal with the outermost horizon. More 
precisely, there exists a compact minimal surface E Pi9 (not necessarily connected) 
in (S Pt q, g Pt q) bounding a bounded domain ri Pi9 (maybe empty) such that any other 
compact horizon lies inside f2 Pi(r One sees that the connected components of S Pj9 
are diffeomorphic to S 2 (see Lemma 4.1 in [7]). At least one and at most two of 
them divide S p ^ q in two non-compact parts. Let S Pi9 be this (or these) dividing 
sphere. 

If the surface S Pi<? has two connected components then it bounds a domain £l p , q 
diffeomorphic to S 2 x (a, b) (with a < b). If S P](? has only one connected components, 
then P g is empty, and can be viewed as a limit case: f2 Pj( j is diffeomorphic to 
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Figure 1. S P)9 = E P:g U Si U E 2 , & P , g = ^ P , g U U fi 2 



S 12 x (a, 6) with a = 6 so that by extension, we say that dfl Ptq = S Pj(? even if fl p q 
is empty Finally one can see that 

where p can be zero and where for all i, £, is a 2-sphere bounding a 3-ball . We 
get that 

n M = n M u (u? =1 ni) , (7) 

see Figure 1 for an illustration. 

3. The 9-invariant, definition and basic properties 

Let g be a metric on S 3 with positive Yamabe constant. We fix a point p E S 3 
and define (S p ^ q , g p ^ q ) as in Subsection 12.31 Then, we define the O-invariant by 

in* 



,3/2 



for g e S 3 \ {p}. The goal of this paper is to explore properties of 8^. We start 
with some basic properties. 

Proposition 3.1. (i) The function is conformally invariant. In other 

words, if g and g' are conformal then & p (q) = Q p {q) for all p,q G S 3 , 

p^q- 

(ii) The function is symmetric in p and q, that is Q^(q) — ©|(p) for all g, 
p,q € S 3 , p^ q. 

(iii) If a stands for the round metric on S 3 , then <d p = 0. 

Proof, (i) If g' = u 4 g is a metric conformal to g then the Green's functions G' x and 

for all p € S 3 . As a consequence 



i(p)u(- 



G x for L 9 and L 9 are related by G' p — 

the metrics g p , q — (G p + G g ) 4 </ and g' p q = (G' p + G'^g' are proportional, more 
precisely we have 

(u(p)+u(q))± 

~9p,q- 



p ' q u{pYu{q) A 
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Let Ep j(J be the outermost horizon bounding the domain 0' in the metric g' pq . 
Then 



and 



_ {u{p)+u{q) f 

u (p)6 u(g) 6 \ U P,Q\ 9 „ q - 



Here the notation \ • \h indicates that the area (or volume) is computed using the 
metric h. We get 

\^'p,g\a' p , q _ \Qp,g\g v , q 
IV' I 3 / 2 IV I 3 / 2 ' 



and hence (q) = Of,(q) which proves Property (i) 



(ii) Obvious from the definition of 0^. 

(iii) Let p, q € S* 3 be fixed. Clearly, there exists a conformal diffeomorphism 
a of (S 3 ,a) with a(p) = p and a(q) = ~p. By Property (i) we can then assume 



that q = —p. From Subsection 12.31 we see that (S Ptq ,g p ^ q ) is isometric to R 3 \ {0} 
equipped with the Schwarzschild metric. In particular, r2 p g is empty from which 



Property (iii) follows. □ 

4. An upper bound for 6 

In this section we prove the following result. 

Theorem 4.1. For allp,q G S 3 , p 7^ q, and all metrics g such that /i(g) > we 
have 

( 4 \ V3 
H(g) (l + -^® 9 M) < 

where a is the standard round metric on S 3 . 

Corollary 4.2. The function is bounded on S 3 \ {p}. 



Note that Theorem 14.11 provides an alternative proof of Property (iii) in Propo- 
sition 13.11 

In our mind, the main interest of this result, as well as Theorem l5.1l in next Sec- 
tion, is to exhibit how the O-invariant is closely related with the Yamabe constant. 
Its proof relies on convexity inequalities combined with Bray and Neves techniques 
[5] using the weak inverse mean curvature flow. The trick here is to apply these 
techniques on (S Pt q \ fl p , q ,g Ptq ) which consists in two connected components, each 
of them being an asymptotically flat manifold. 

We begin with a technical lemma. 

Lemma 4.3. Let (N, h) be an asymptotically flat manifold whose boundary is 
the outermost compact minimal surface. Let (S,gs) be one half of the spatial 
Schwarzschild manifold with m — 2, see {IP, whose boundary is the minimal sphere 
{\x\ — 1}. Let also $ and $ s be the functions given by Theorem \2.4\ and associated 
to the weak inverse mean curvature flow on (iV, h) and (S, gs)- 

Finally, denote by E t := {$ = t} and E^ := {$ s = t] the level sets of $ and 
$ s . Then, 

m\ h da h <J^- [ \V^\ gs da^ (8) 
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1 j„h ^ ( l s oU X " " 



. da > I 7^57^ I / lv ^ q , da 9s (9) 

/or almost all t. Here if T, is a compact surface, |£|h denotes its area in the metric 
h. 

The proof of this lemma is entirely contained in the work of Bray and Neves [5] , 
but not stated in this way. So, we recall the proof here. The integrals above are 
not obviously convergent since V<& can have zeros, the existence of the integrals is 
carefully justified in [5] and we do not recall all details of these arguments. 

Proof. Let 



16tt 



m H (E t ) = \l^m 167T- / \V<£\lda h 



s t 



be the Hawking mass of S t . By Theorem 12.41 we have 



This gives 

f \V<t>\ 2 h da h < 16tt (l - e"*/ 2 ) 
since |£t|h = |So|fce . By the Cauchy-Schwarz inequality, 

/ \V$\ h da h < v^sTk f / |V$|£ da' 



1/2 



< V^Ue* 7 Vl67r(l - e-*/2) 



and finally 



/ |V$| h < ^/l6ir|EoU(e* 

** St 



2*/2). (10) 



Observe that the Hawking mass is constant for the inverse mean curvature flow on 
(S, gs) an d also that |V<I> S | SS is constant on the corresponding S^. So the above 
reasoning is still valid on (S, gs) but all inequalities become equalities. In other 
words we have 

/ |v$ s | 9s do« = Jm^\J7^^). 

Together with Inequality (fTUf we get Inequality jSJ). 
The Holder inequality tells us that 

1 . |St| 



and 

1 .da»- |E '^ S 



|V1> S U " J s s|V$S| 9s dass 
since |V$ S | SS is constant on Ef . Using this together with the observation 

\^t\h _ |E | 3S 

|Sf| ft |E S | 9S 

we conclude that JH1) holds. □ 
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With this Lemma we are prepared to prove the Theorem. 

Proof of Theorem \4.1\ Using the same notation as in Equation (|7|), we see that the 
set Sp, q \ Q p ,q has exactly two connected components diffeomorphic to R 3 \ B (where 
B is the unit ball of R 3 and whose boundary is an outermost horizon. We denote 
by Mi and M2 these two connected components (which are asymptotically flat 
manifolds in the metric g p , q ). Let Si and £2 stand for the respective boundaries of 
Mi and M2. Note that if Vl pq = then Si = £2 = £p,g (with the notations of the 
end of Paragraph[3]) and if Q p ^ q 7^ then £1 and £ 2 are exactly the two connected 
components of £ p , g - By Theorem 12 .41 there are functions $1 and $2 on Mi and M 2 
defining the weak inverse mean curvature flow. Denote the level sets of $1 and $ 2 
by Yj\ and £ 2 . Define a test function on S P:q by 

/o^ on Mi, 
/ o $2 on M 2 , 
1 on Vt pq , 

where 

*® '~ V2e* - e*/2 ■ 

Let w G C°°(M), mi^O. Let also for e small 7^ G C°°(M), r/ e G [0, 1] be a cut-off 
function such that r] e = on S|(e) U Bf (e)), r? e = 1 on S 3 \ (■B|(2e) U B£(e)), and 
I V77 e | s < 2/e. One easily computes that 

r J s3 (8\V(r] e w)\ 2 g + Scal 9 {r] e w) 2 )dv9 _ J s3 {8\Vw\ 2 g + ScalW) dv 9 

™ cm^) 6 ^) 173 " a S 3^^) i/3 ■ 

By the definition of //(g), we then get that 

. r s3 (8|VH^ + ScaF w 2 )^ 
= ml 5-75 

Vs.***) 1 " 

where the infimum is taken over all smooth non-zero functions w which are identi- 
cally zero in a neighborhood of p and q. Since \i is conformally invariant and since 
C°° is dense in C s we have 

\L |Vw| 2 dv 9 ™ 



= inf ■ 



( Is w6 dv g pi 



1/3 



where the infimum is taken over all non-zero functions locally Lipschitz functions 
w G H 2 (S Ptq ,g Ptq ). Here H 2 (S p . q , g p . q ) denotes the set of functions in L 2 whose 
derivatives are also in L 2 . It follows from [5] that u G H 2 (S Ptq , g p , q ) is locally 
Lipschitz. This implies 

Kg) < , s ™ 9p ' q - 1/3 ■ (11) 



We have 



( f Q u 6 dv 9 p-i 

\ J °P,<1 

Vu\ 2 gp dv°»< = f /'($i) 2 |V$i| 2 p dv 9 ™ + / /'($2) 2 |V$2| 2 p 
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Let (S,gs) be one half of the spatial Schwarzschild manifold and let <E> S be the 
function associated to the weak inverse mean curvature flow on (S,gs) and whose 
level sets will be denoted by Sf . We set ao := |Sg| ss and a, := | 1 9r> for i = 1, 2. 
One can compute that 



/T&tt ve* — e'/ 2 



|V* & | ffs = W j (12) 

on S t s . By the coarea formula, Inequality ©, and the fact that |Sf | fls = aoe* we 
have 



J Mi ' JO 

I /"CO 

V a o Ja 

where I is defined as 



V$i\ gM da 3 ™ I di 



^ |V$ s | 9s da 9s ^J eft 



/:= / /'(t)Ve*- e*/a<ft. 



Doing the same on M2 and inserting the value of 7 which is computed in Lemma 
lA.ll in Appendix [Al we obtain 

/ | V «|^d«*.« = — (V5T + V^). (13) 

Now we write 

u 6 dv^=f f^xfdv^+f f(<s> 2 ) 6 dv 9 ™ + \n p , q \ 9pq . 

J Mi JM 2 

By the coarea formula, Inequality ([9]), and Equation (fT2|) we get 
/(S^d^- = f° f(i) 6 f / 1 da"-') dt 

JO \Jvl l V$ l|9p >g / 

\ 3/2 -oo / f 1 x 



ao 

3/2 
*1 " 



|V$ S | SS 



'167T 

where J is defined as 

/o (e'-e*/ 2 )^ 

Hence, doing the same on M 2 and using the value of J from Lemma I A. II we obtain 

f u Z dv 9^ > ^ (a 3/ 2 + a 3/ 2 ) + |^ g | gpg . (14) 

Plugging (fl3|) and (fl4| in (fTTjl . we conclude 
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It follows that 

3tt 3 / 2 A 1 . . 

K9) ~ 7^ in I \ 1/3 (15) 

where 

, . , 3/2 . 3/2 

A ;= VHT+y^ ^ ^ „ „ 



y/ai + a 2 {a\ + a 2 ) 3/2 

Elementary arguments show that 

Ai < V2 and A 2 > —=. (16) 
v2 

Note that if U p q ^ 0, then a± + a 2 < \^p,q\g p „■ If ^p,q = ®> then the boundaries 
of Mi and M 2 are exactly which is a connected component of S p , 9 and hence 
ai + a 2 = 2\'E Piq \g p g . In both cases, a\ + a 2 < 2|£ m | 5m and 

Mg P , > gg(g) n7 s 



(oi + a 2 ) 3 / 2 " 2 3 / 2 
Plugging |H]) and |T7J) in ((TSJl we get 

3tt 3 / 2 V2 6(2tt 2 ) 2 / 3 



Ms) < 



^ + ^>) 1/3 (l + ^(,)) 1/3 ' 



^ 8 ^2 ^ 23/2 

and Theorem HE follows since /x(<t) = 6(2vr 2 ) 2 / 3 . □ 

5. Metrics with large 0-invariant 

Note that the upper bound of Qp{q) provided by Theorem l4.1l will tend to infinity 
if the metric g tends to a metric with vanishing Yamabe constant. In the following 
theorem we prove that 0^(g) itself tends to infinity in that situation. 

Theorem 5.1. Let g°° be a Riemannian metric on S 3 and assume that (g k ) is a 
sequence of Riemannian metrics with positive Yamabe constant tending to g°° in 
all C l , ! £ N as k — > oo. Let p,q G S 3 , p ^ q. Then 

/i(<T) = lim 0£*( ? )=oo. 

This theorem implies in particular that if the metric g is close enough to a metric 
of zero Yamabe constant then 9^ ^ 0. The proof is inspired by an argument of Beig 
and O'Murchadha [3J. The main result of [8 is that (S p ,g%) := {S 3 \ {p}, {G k ) 4 g k ) 
contains a trapped compact minimal surface if ^{g°°) = and k is large enough. 



Proof. First, Theorem 14 . 1 1 tells us that 

lim 0g* (g) =oo=^/i(ff°°) =0. 

k — >oo 

To show the opposite implication we assume that n{g°°) — 0. Since [i and are 
conformally invariant, we can further assume that ScaP = and therefore there 
exists a sequence (e^) tending to such that 

||Scal fl *||£- <e fe . (18) 

Let i] £ C°°([0, oo)) be a cut-off function satisfying < r\ < 1, r\ = 1 on [0, 5), 77 = 
on [25, 00), 5 being a fixed small number. Denote by G k the Green's function for 
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L 9> ~ at a point p € S 3 . Then, by there exists a function a k € C°°(S' 3 ) such 
that 



= — + a: 



where we use the notation = d 9 (p, ■). We start by proving the following result. 

Lemma 5.2. There is a subsequence of (g k ) for which the corresponding functions 
ctp can be decomposed as 

~k _,/c i ok 

a p =a p + fj p 

where (a k ) is a sequence of real numbers tending to oo and where (3 k £ G°° is a 
smooth function such that 

f3 k dv 9 " = 

s 3 

and such that 

11/3^11^=0(4). ( 19 ) 

Here the notation in the last claim means that \\/3 p Hc^/Op tends to zero as 
k — > oo. In the following proof C > stands for a constant which is independent 
of k but may change from line to line. 

Proof of Lemma 1 5. ,21 First we prove that 

limsup / a p dv 9k = oo. (20) 

fc— oo Js 3 

From the definition of G k together with |5]) we have 

1 = / G k p {L 9k I) dv 9 " 
Js 3 



< \\L 9 l\\ L *o I G k dv 



g 

s 3 



k 1 1 

Bf(2S) JS 3 



< || Seal 9 ||ioo I / , rl l dv 9 + I a k dv 9 



By Lebesgue's Theorem 



_ / lrt / If) °° 

lim / r k dv 9 = / r^ dv 9 < oo 

where r m = d 9 °° (p, •). To get a contradiction we assume that (|2U|) does not hold. 
Then J g3 a k dv 9 * is bounded as k goes to oo. We conclude that 

1 < C||ScaP*||£oo. 

By Equation (118|) , the right-hand side of this inequality tends to zero which is not 
possible. This proves ([20]) . 
Next we set 

and f3 p := a k — a p so that 

ft dv 9 " = 0. 



/ - 

Js 3 



AN ISOPERIMETRIC CONSTANT ASSOCIATED TO HORIZONS IN S 3 BLOWN-UP AT TWO POINTS 



(22) 



Since by assumption g k — > g°° in all C l , I € N, the Sobolev inequality 

ll/^llc* < (21) 

holds with a constant C independent of k. Here, for any s > 1, iJ| is the space 
of L s functions whose derivatives of first and second order belong to L s . Let now 
I > 1. By standard regularity result, see for example jSJ Theorem 2.4], 

||^||h< <c(l|A^ p fc |U« + n#iu.). 

Using (JTSJ) we write 

||8A^/3 p fc |U, = ||L**/5£ - Scal fffc ^|| L1 

< (lli^lU'+ejkH^IU') 
From the definition of together with (fl8|) we get 



\\L 9 #| 



L' 



L 9 - £ 9 



< 



8 p - V (r k )As 



v 



K 1 

L 9 a% 



V 



+ 2 



/(V 9 \(r fc ),V 9 V) +Cc fc ||/3*|| L , +Ce fc o*. 



Since the derivatives of ^(r^) are supported in M \ £? 9 (5), the second and third 
terms of the right hand side in the expression above are bounded by some constant 
C > independent of k. One can also compute [H Section 6] 

\\8 p -ri(r k )A9 k r^\\ L ~<C. 

Finally, we obtain 

HA^IU. < C(l + e k \\%\\ Hl + e k a k p ). (23) 
In particular, we easily deduce from (f2"2"| that 

ll^ll^<C((l + ^) + ||^|U0- (24) 



Let Afc denote the first eigenvalue of A 9 . Since J M P k dv 9 — the Cauchy-Schwarz 
inequality tells us that 



M 



k Jm 



< i / /3 p fe A 9fe ^d« 9 



< 



1 



fc\2. 



71/ 



1/2 



A/ 



(A ak Pp) 2 dv gi 



1/2 



The sequence (A&) has a non-zero limit since the metrics (g k ) converges, and hence 
the sequence (A^T 1 ) is bounded. Together with ([2"3"|) applied with 1 = 2, one gets 

\\f3 k \\ L 2<C(l + e k a k ). 

Returning to (l24|) . we obtain 

||/3 p fe || fff <C(l + e k a k ). 
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In particular, by the Sobolev embedding theorem, we get that 

\\(3 k p \\ L ±<C(l + e k a k ). 
Setting I — 4 and inserting this inequality in ([2"4")) , we get 

\\f3 k p \\ Hl <C(l + e k a k ). 
Together with (|2Tj) this ends the proof of Lemma 15.21 □ 



Let us return to the proof of Theorem 15. II We fix points p,q € S 3 , p ^ q, and 
to get a contradiction we assume that 6 9 (q) has a bounded subsequence. Define 
G k := Gp + G k so that g k q = G\g k . For r > small let S k (r) be the sphere defined 

by r k — r, where again r k = d 9 (p, •). Using the transformation formula for mean 
curvature under a conformal change of the metric (see for example [6l Equation 
1.4]) one can compute that the mean curvature of S k (r) in the metric g k q is 

H k = (V(V^r fc , V»*G fc ) + 0{r)j G k 

where the constant involved in the bound of the ordo term is independent of k. 
Apply Lemma 15.21 to G k and G k and take further subsequences to get the corre- 
sponding a k and a k which tend to infinity. Set a k := a k + a k , by (fT9]) we have 

G k = r^ 1 +a k + o(a k ) 
near p. It follows that the mean curvature of S k (r) satisfies 

Hk = T^TT ( _1 + ( ak + °( a k))r + r 2 o(a k )) , 

see Appendix IB1 for further details. In particular, the sphere S k (2/a k ) has positive 
mean curvature whereas the sphere S k (\/2a k ) has negative mean curvature when 
k is large. By standard existence results, there exists a minimal 2-sphere Y, k lying 
between these two spheres. Doing the same near q, we get the existence of a minimal 
2-sphere E*. Clearly, E Pj9 = E Pi9 = E p U T, k . We also get 

S 3 \ (pf (2/ojk) U #f (2/ojfe)) C (25) 

Since E p is minimal and since Gfc < Ca^ on St (1/2) the area of E p satisfies 

|E£| S , 9 < |5*(l/2a fc )| <a 

da 9 "'" 

S*(l/2a fc ) 

G£ da»* 

N; (l/2a fc ) 

Sf*(l/2o; 



< C<4 / da^.» 



Doing the same for E?5 we get that 



E M |„ fc < Cat (26) 
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Using |25|) . we have 



> 



dv 9p ' q 



S3\(S| (2/a fe )UBf (2/a fc )) 



(2/a fc )UB| (2/a fc )) 



Estimate (HU) implies that G fc > Ca fe on S 3 \ (B 9 (2/a fe ) U B 9 (2/a fe )). This leads 



to 



dv 9 > Cat 



S*\{B° (2/a fc )UBf (2/a fc )) 



Together with (I26)) , we get 



6 P W = |v ,3/2 ^ 

and hence Q 9 (q) for the subsequence cannot be bounded. This proves Theorem 

urn □ 



Appendix A. Evaluation of integrals 

Here we indicate how to evaluate two definite integrals needed in the proof of 
Theorem 14. II Compare the discussion in 5], pages 421-422. 



Lemma A.l. Let 



for t S (0, oo) and set 



f(t) ■■- 



1 



V2e* - e'/ 2 



/'(tjVe'-e'^dt and J := / J } ) % 



o (e'-e*/ 2 ) 



dt. 



Then 



T 37F J t ^* 

i = — and J = —. 
32 2 



Proof. Observe that 



7 = 



16 7o (2e*/ 2 - l) 3 V e*/ 



1 f°° (4e*/ 2 - l) 2 / e */2 - l 



dt. 



Through the change of variables s 
we get 



^i, that is e*/ 2 = ^ and = ^§ 



Writing 



1 /- 1 (3 + S 2 )V , 

(3 + s 2 )V 



= 1 



(s 2 + l) 3 * ' s 2 + l (s 2 + l) 3 ' 



one gets 



1 3 

1 = 4 + 4 [ arctant ]o 



o 



3 3 f 1 t 

— arctan t 



2 n 00 



8 1 + i 2 4 1 + t 2 



3vr 
32' 
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In the same way, observe that 
J 



ot/2 



o (2e*/2 - 1)2 W e t/2 _ i 



dt. 



Using the change of variables s = J J)l 2 _ 1 , that is e*/ 2 = s i_ 1 and dt 
we get 

r°° 4(s 2 - l) 2 



ids 
»(«»-!) ' 



J 



From 



we have 



1 (S 2 + l) 3 

16 



(is. 



16 



4(s 2 - l) 2 _ 4 

(s 2 + l) 3 ~ 1 ~ (s 2 - l) 2 ^ (s 2 -1)5 



J = 4 [arctan t]?° — 16 
"3 



1 1 i 

— arctan t-\ rr 

2 2 1 + t 2 



16 



arctan i - 



3 t 1 i 



2 "I 00 



8 1 + i 2 4 1 + i 2 



7T 

2' 



This proves Lemma I A. II 

Appendix B. Mean curvature computations 



□ 



In [6l Equation 1.4] we find the conformal transformation formula for mean 
curvature. If g = u g then the mean curvatures for g and g are related by 



h = 



2/9 1 



u 3 \drj 2 



Here J*- is the normal outward derivative with respect to the metric g. If r = d 9 (p, ■) 
then 

d 

—u = g(V 9 r, V 9 u) 
where V 9 denotes the gradient and we get 

h= -^(2g(V 9 r,W 9 u) + hu). 
If we apply this with our notation <j£ = G^g fc etc, then we conclude 



= i (2g k (V g "r k , V 9 "G k ) + H 9 " G y 



In our situation we have that the sphere (r) is close to a round sphere of radius 
r in flat R 3 for small r, therefore 

H 9 " = l + 0(r), 
r 

where the constant involved in the ordo term is independent of k since g k tends to 
g x . We get 



1 



Hk = -^ (2 5 fc (V 9 Vv <-;,,)+( - + (Mr))a 



1 
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We now insert the expansion of Gk which we get from (fT9|) . 



Gfc = h ak + o(ak). 

Tk 



V 9 *G fc = -\v 9k r k +o{a k ) 
r k 



Then 



and 

H k = ^3 (V(vA- fc ,V 9fc G fc ) + (l + 0(r^j G k 

' f 2g k (v g \ k , ~V g \ k + o(a k )) + (- + 0(r)) ( - + a k + o(a k ) 



r 



— \ + -( a k + o{a k )) + o(a k ) 



1 



(-1 + (a fc + o{a k ))r + r 2 o(a k )) , 



G\r 2 

since g k (y gk r k ,V gk r k ) = 1. 
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